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Abstract
We show that every nonstable graph (possibly inﬁnite) with bounded degree admits a set V \{x} as an identifying code. We know
some inﬁnite graphs for which only its vertex set itself is an identifying code, but these graphs have only vertices of inﬁnite degree.
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Notations. We recall that an r-identifying code of a graph G = (V ,E) is a subset of codewords C ⊆ V such that all
the vertices of G have distinct nonempty identifying sets Br(v) ∩ C, where Br(v) denotes the ball of radius r centered
on v. This notion was ﬁrst introduced in [2].
A graph admitting an r-identifying code is said to be r-identiﬁable. A graph G= (V ,E) is r-identiﬁable if and only
if for all v,w ∈ V , v = w, we have Br(v) = Br(w), and in this case V itself is an r-identifying code of G. We say that
a vertex v ∈ V is r-covered by a codeword c ∈ C if c ∈ Br(v). A codeword c ∈ C r-separates two vertices v,w ∈ V
if c ∈ Br(v)Br(w), where  states for the symmetric difference.
Theorem. Let G = (V ,E) be a 1-identiﬁable graph of bounded degree. Then there exists x ∈ V such that V \{x} is a
1-identifying code of G, except if G is a stable set.
Proof. Clearly if G is a stable set then the only 1-identifying code of G is its vertex set itself. If G is not stable, then
it is clearly enough to consider a connected component of G of cardinality at least two. So let us assume that G is a
connected graph on more than two vertices.
Given a vertex x of G, since V is a 1-identifying code of G, checking that C := V \{x} is a 1-identifying code of G
is equivalent to checking that all the vertices of B1(x) are separated from all the vertices of V \B1(x). Indeed, all the
vertices of G are covered by some codeword of C since G is connected. Since V is a 1-identifying code of G, all the
vertices of B1(x) are 1-separated from each other
∀u, v ∈ B1(x), B1(u) = B1(v) ⇒ B1(u)\{x} = B1(v)\{x}.
Similarly, all the vertices of V \B1(x) are 1-separated from each other.
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Fig. 1. Two vertices u and v such that B1(u) = B1(v) ∪ {x}.
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Fig. 2. An inﬁnite graph having only its vertex set as a 1-identifying code.
So the only thing which can happen is that there exists u ∈ B1(x) and v /∈B1(x) which are not 1-separated by C. In
this case we have B1(u)=B1(v)∪ {x}. Then, for any vertex w distinct from x, u, v we have: uw ∈ E ⇐⇒ vw ∈ E.
In other words, u 1-separates w1 from w2 if and only if v 1-separates w1 from w2, for all w1, w2 = u, v,w (Fig. 1 ).
Now, let a be a vertex of maximum degree of G. If V \{a} is a 1-identifying code of G, then we are done. If not, then
there are two vertices b, b′ such that B1(b) = B1(b′) ∪ {a}. We claim that V \{b′} is a 1-identifying code of G. Let us
check that each vertex of B1(b′) is 1-separated from each vertex of V \B1(b′):
• b 1-separates each vertex of V \B1(b′)\{a} from each vertex of B1(b′) since B1(b) = B1(b′) ∪ {a};
• a 1-separates itself from b′;
• a is 1-separated from any vertex a′ ∈ B1(b′)\{b′}: if there exists a′ ∈ B1(b′)\{b′} such that B1(a′) = B1(a) ∪ {b′},
then a′ would have greater degree than a, a contradiction. 
This theorem can be easily extended to r-identiﬁable graphs as follows:
Corollary 1. Let r1 and let G= (V ,E) be an r-identiﬁable graph of bounded degree. Then there exists x ∈ V such
that V \{x} is an r-identifying code of G, except if G is a stable set.
Proof. Given an integer r1, it sufﬁces to note that a graph G = (V ,E) is r-identiﬁable if and only if Gr is
1-identiﬁable, where Gr denotes the r-transitive closure of G : Gr = (V ,E′), where uv ∈ E′ ⇐⇒ there exists
a path on at most r edges between u and v in G. Moreover, if G has bounded degree, then Gr too. 
Restricted to ﬁnite graphs, an easy corollary of this is a result due to Charon et al. [1]:
Corollary 2 (Charon et al. [1]). Let G be an r-identiﬁable connected graph on n> 1 vertices. Then G has an
r-identifying code of cardinality less or equal to n − 1.
We already know some inﬁnite graphs for which only the vertex set itself is an identifying code. For example the
following graph was given in [1]:
Let G1 and G2 be two copies of the inﬁnite complete graph on the vertex set Z. Let us link a vertex xi ∈ V (G1) with
a vertex yj ∈ V (G2) if and only if ij . We obtain an inﬁnite graph G whose only 1-identifying code is its vertex set
itself. Indeed, for all i ∈ Z, B1(yi)=B1(yi−1)∪ {xi}, so that xi ∈ C for each 1-identifying code C of G. By symmetry
all the yi’s must be in C too. On the other hand, V is trivially a 1-identifying code of G (Fig. 2).
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